Analytical expressions are obtained for the main magnitudes of a symmetrically constricted vesicle. These equations provide an easy and compact way to predict minimal requirements for successful constriction and its main magnitudes. Thus, they can be useful for the design of synthetic divisomes and give good predictions for magnitudes including constriction energy, length of the constriction zone, volume and area of the vesicle, and the stability coefficient for symmetric constriction. The analytical expressions are derived combining a perturbative expansion in the Lagrangian for small deformations with a cosine ansatz in the constriction region. Already the simple fourth-order (or sixth-order) approximation provides a good approximation to the values of the main physical magnitudes during constriction, as we show through comparison with numerical results. Results are for vesicles with negligible effects from spontaneous curvature, surface tension, and pressure differences. This is the case when membrane components generating spontaneous curvature are scarce, membrane trafficking is present with low energetic cost, and the external medium is isotonic
I. INTRODUCTION
Cell division involves membrane constriction forces forming a saddle-shaped neck that separates the two lobes that eventually pinch off to produce the two daughter cells [1] [2] [3] [4] . The mechanics of cell constriction is a crucial problem of bioenergetics that directly deals with the membrane forces required to distort the cell along a stable cytokinetic pathway [5] [6] [7] [8] . In the simplest model, the whole cell is depicted as a membrane vesicle where bending forces produce constriction of an initial sphere into a deformed two-lobed configuration. When only bending forces, but not membrane tension or turgor forces, are considered, the model describes a growing cell membrane that is able to exchange lipid material with its metabolic reservoir and is osmotically controlled into the tensionless state, a set of conditions compatible with the dividing cell. In a previous paper [9] the energetics of constriction were calculated by following a variational approach to the minimization problem of the bending energy in the case of the tensionless and turgor-free vesicle. As variational proof functions we take linear combinations of trigonometric functions, the vesicle shapes were optimized by minimizing the bending energy along a continuous constriction pathway defined as the monotonic decrease of the neck radius. From that approach, the constriction forces and the optimal geometrical parameters were calculated from the minimal variational energies along the constriction pathway. Amazingly, the zeroth-order variational solution selected was revealed to be extremely efficient in approaching the exact solution in a broad range of membrane constrictions from the initial spherical state. Based on that result, we decided to take advantage of such solutions as an ansatz and compute the constriction perturbative orders in a framework from which analytic expressions to the more relevant properties such as constriction zone length L m , bending energy, surface area, and volume can be derived. These analytic expressions are given * Corresponding author: francao@fis.ucm.es in terms of the scaling parameters that define the geometry of the constriction neck, namely, the maximum radius R m and the constriction ratio s = (R m − R c )/R m (see Fig. 1 ). In this paper we obtain a set of analytic formulas that, already at leading order, accurately describe the bending energetics in the limit of small constrictions. The dominant terms are obtained as power laws of the radial constriction s with amplitudes depending on the other system parameters. The perturbative expansion provides us with progressively accurate approaches to the exact values of the relevant properties.
The exact values are calculated as the numerical solutions of the corresponding Euler-Lagrange equations to determine the accuracy of the analytical results. We present three paradigmatic cases: the constant maximum radius, the constant volume, and the constant area. Constriction at a constant maximum radius resembles the conditions encountered in rod-shaped cells with a cell wall as in E. Coli (if additional invariable cylindrical membranes are added to each side of the constriction region) [3, 10] . Constriction at a constant volume resembles the conditions encountered in cells without a cell wall and with intense membrane trafficking (which allows them to produce the additional area required under these conditions) [11] [12] [13] [14] . Constriction at a constant area resembles the conditions that will take place for a cell that has some disturbance that inhibits membrane trafficking [15] [16] [17] . (In addition, rescaling of the results will also allow one to obtain the values of magnitudes along any pathway of volume or area changes during constriction.) The results are discussed from a biological perspective in the context of the physical mechanisms underlying the common mechanical pathways of cell division.
II. METHODS

A. Elastic energy of a tensionless vesicle: Bending Hamiltonian
Changing the shape of a spherical vesicle from its equilibrium configuration is a nonspontaneous process that requires an input of energy. In the minimal description, in the absence of tensional fields on the membrane, the energy of the vesicle deformations is assumed to exclusively involve bending elasticity of a two-dimensional sheet, particularly contributions from mean and Gaussian curvatures [5] 
In this equation κ is the bending modulus, κ G is the Gaussian bending rigidity, is the surface that defines the membrane, dA is its element of area, C 1 and C 2 are its local principal curvatures, and the parameter C 0 is the spontaneous curvature (which effectively accounts for possible asymmetries in the membrane structure between the inner and the outer sides).
In the case C 0 = 0, the membrane in the flat configuration defines the absolute minimum of bending energy. In the particular case of the sphere (C 1 = C 2 = 1/R 0 ), the bending energies are E (sph) m = 8πκ and E (sph) G = 4πκ G for the mean and Gaussian contributions, respectively. In general, any change of the membrane shape makes the total bending energy in Eq. (1) vary. However, the integrated Gaussian curvature [the second term in Eq. (1)] is invariant under shape changes that do not change topology, as stated by the Gauss-Bonet theorem [5] . Since the constriction process in a sphere does not change its topology and only involves shapes that are topologically equivalent to the initial sphere (for s < 1), the integrated Gaussian energy remains constant at E G = E (sph) G = 4πκ G , independently of the size and shape of the system. Consequently, to analyze the mechanics of constriction we must just deal with the variations of energy due to changes in mean curvature E m , which is independent on the size of the system for zero spontaneous curvature C 0 = 0. In the special case of surfaces of revolution with a rotation symmetry axis along x, if the surface is represented in Cartesian coordinates as r = [x,y,h(x,y)], where h(x,y) represents the surface profile as an height over the x − y plane, one gets
with R(x) being the functional form describing the membrane profile in the x-z plane. For this parametrization, the mean curvature of this surface becomes
Note that this result is independent of the coordinate y, as corresponds to rotational symmetry around x. The element of area is
Consequently, once the membrane profile R(x) is known between the two extremes x i and x f , the bending energy for the surface of revolution is given by
with
The vesicle takes the shape that minimizes this bending energy E m (up to thermal effects). In this paper, we restrict the study to the case of zero spontaneous curvature C 0 = 0, negligible tension = 0, and no pressure difference between internal and external environments p = 0. Thus, the bending energy becomes size invariant, a property that simplifies the calculations drastically, as it implies no dependence of the bending energy on the system size. This means that once we have determined the shape that minimizes the energy, its transformation under an overall dilatation leads to a shape that has the same energy and also minimizes the energy. This property will be very useful in this paper. Indeed, it allows one to recall that under an overall dilatation, i.e., x → λx and R → λR, the area is transformed as A → λ 2 A and the volume as V → λ 3 V .
B. Perturbative method
In the present problem, an initially spherical vesicle is deformed under a radial force exerted as a constriction ring at its equator. Then a saddle-shaped neck is formed, separating two quasispherical lobes (see Fig. 1 ). As constriction proceeds, the neck progressively narrows and the vesicle lobes evolve up to final binary fission into two separate daughter spheres. We will take advantage of the perturbative method to get approximate formulas of the elastic energy corresponding to the constricted configurations calculated with respect to the unconstricted (i.e., unperturbed) configuration [18] . Our unconstricted initial configuration is a sphere of radius R m , so constriction is assumed to proceed by keeping this maximum radius R m constant (see Fig. 1 ). This can be realized if the deformation effect of the contents of the vesicle (or cell) is represented as an effective line tension towards the exterior σ m , which keeps the maximum radius R m constant. This requires the two polar caps to be hemispheres of radius R m during the whole constriction process, thus they do not change their bending energy. Therefore, all bending energy changes arise from the central constriction region that changes from R m to a profile R c (x,s), where the variable
defines the constriction ratio (s ∈ [0, 1]), i.e., the ratio between the maximum radius R m and the constriction radius R c (see Fig. 1 ). The constriction profile R(x) ≈ R 0 (x,s) provides us with the respective derivatives R x and R xx needed to compute the integrand K m [Eq. (6)] of the energy. In order to apply the perturbative method, it is convenient to define the small deformation function
The function K m {u[f (x)]} can now be expanded in terms of the small deformation u (x,s) and of its first-and second-order derivatives (u x ,u xx ), which depend on the x coordinate and the constriction ratio s and can, in general, be calculated as a function of the scaling parameters R m and L m . In order to calculate the elastic energy, the function K m is expanded up to the nth order of perturbation
When this simplified integrand is included as the kernel of the elastic energy in Eq. (6) and the integration is performed between the two extremal limits defining the complete surface (x i = 0 and x f = L m ; see Fig. 1 ), the resulting expression can be minimized, giving a Euler-Lagrange equation for u, analogously to the computation in Ref. [18] .
If an appropriate ansatz is additionally assumed for R 0 (x,s) in the interval [0,L m ], the integrand becomes simpler and approximate analytical expression for the energy can be obtained. The energy E m = E m (s,L m ,R m ,κ) depends on the mechanical parameter κ (the bending energy), on the sizescaling parameter R m (the maximum radius), and on the variational parameters introduced by the ansatz, in our case only L m (the length of the constriction region). Finally, energy minimization with respect to L m provides its optimal value for a given constriction ratio s (recall that R m stays constant along constriction),
This condition determines the approximate expression for the energy Another way to get the shapes of minimal energy of a vesicle during the constriction process is to numerically solve the corresponding Euler-Lagrange equations. General methods have been developed to calculate the equilibrium shapes of vesicles under different conditions. Here we follow the methodology in Refs. [19, 20] and apply it to axisymmetric shapes stressed upon equatorial constriction, while the maximum radius remains constant. (See Appendix A for a brief summary of the numerical procedure.)
Maintaining the boundary conditions of radii R m and R c requires line tensions σ m and σ c , respectively. They act in opposite directions: Increasing σ c forces R c to decrease, thus increasing constriction, which requires an increase of σ m to maintain constant R m during the constriction process. Once the line tensions are known, the energetics of the system can also be addressed. For example, the energy due to line tension at the site of constriction will be
a relationship that will be used below to calculate the forces exerted along the constriction process.
III. RESULTS
A. Tensionless vesicle with no spontaneous curvature
We obtain the perturbative expansion for the tensionless vesicle ( = 0) without pressure differences ( p = 0) and for zero spontaneous curvature (C 0 = 0). In this case the only contribution to the energy is given by the mean curvature with C 0 = 0 [Eqs. (5) and (6) 
In a previous paper [9] , using a variational approach to describe constriction mechanics, families of shape functions were proposed to describe the constriction region for = 0, p = 0, and C 0 = 0. The assumed zeroth-order function family was [9] 
where R m is the maximal radius and L m is the longitudinal distance between the center of the constriction neck (where the origin is placed) and the position where the radius is maximal. This simple zeroth-order family has proven to give good approximations for low constriction in a variational framework [9] .
Here we combine this simple shape expression with the perturbative results to obtain approximate analytical expressions. Thus, we substitute
in Eq. (11) . Then, integrating the resulting kernel between
we obtain an approximate analytical expression for the bending energy, which does not depend on the vesicle size (R m cancels out after integration, in the case of C 0 = 0, p = 0, and = 0).
Neck dimensions
After integration, the bending energy is minimized with respect to L m [see Eq. (9)]. This allows one to obtain the analytical expression for the optimal dimensions that define the shape of minimal bending energy for each constriction stage, characterized by s. The perturbative expansion for the optimal value of L m (s) takes the explicit form
which, for simplicity, is written here as the leading term scaling as L m (s)/R m ∼ s 1/2 multiplied by the corresponding terms only up to fourth order in the perturbative expansion of the energy integrand (see Appendix B for higher-order expressions).
The leading term describes the small constriction region Fig. 3(a) . Thick lines show the limit values of s where these approximations can be used within an error lower than 5% (compared with numerical results). Outside these ranges of s, the maximum error is indicated in percentages.
higher perturbative terms contribute with negative components that approach the exact solution through a monotonic convergence. The exact result given by the numerical solution of the Euler-Lagrange equations (see the method described in Sec. II C for the case of p = 0, = 0, and C 0 = 0) is represented for comparison.
In Fig. 2 the analytical expressions for different orders are observed to rapidly and monotonically converge to the zeroth-order variational result, which, for this magnitude, gives a good result when compared to the exact result found numerically. The quantitative fitness of the approximation is shown in Fig. 2(b) , which plots the range of validity of each order of the analytic expression and compares their overall degree of agreement with respect to the exact solution. The fourth-order expression describes (with 95% agreement) the exact solution up to constrictions as large as s 0.8, its maximal error being lower than 20% in describing the whole constriction path. Such a strong convergence is due to the high reliability of the ansatz used [see Eq. (12)], which is extremely efficient in describing the exact result, as evidenced when barely introduced in a variational schema [see Fig. 2(a) , black line] [9] . For low constriction, L m /R m ≈ 2.5s
e., the length of the constriction region grows faster than the constriction depth. Thus the present result indicates an initial large longitudinal dilation due to localized equatorial constriction.
Bending energy and constriction force
Once the parameter L m that minimizes the energy has been calculated [Eq. (14) ], its value can be substituted in the equation for the bending energy [Eq. (13) ], obtaining the approximate analytical formula for the increase in bending energy due to constriction
where
This expression is up to fourth order in the perturbative expansion; higher-order formulas are collected in Appendix B. The results for the bending energy are graphically compared in Fig. 3 .
The leading term at low constriction (s < 0.1) in the analytical expression E higher-order expressions for the energy converge to the energy curve obtained with the zeroth-order variational solution in Eq. (12) (see Fig. 3 ). Basically, the formulas obtained are accurate to analytically describe the energy corresponding to the zeroth-order variational results in Ref. [9] . More accurate solutions for the bending energy in the high-constriction regime (s > 0.65) should require solutions more precise than Eq. (12), i.e., a better accounting for the strong changes of curvature occurring in the constriction region. However, incidentally the fourth-order analytical expression is better for this magnitude, the bending energy, than its corresponding zeroth-order variational solution.
It is worth mentioning the doubling of the bending energy existing at maximal constriction ( E b /E (sph) m →1 at s → 1). It implies that the mean curvature contribution to the bending energy is that of two spheres. However, we recall that an additional Gaussian curvature energy contribution of 4πκ G ≈ 100k B T , due to the change in topology involved, will be needed to split the maximal constricted vesicle into two spherical ones [21] .
As far as the bending energy is known as a function of the constriction rate, the constriction force can be calculated as
Thus, the analytic formula for the constriction force can be obtained in a straightforward way as the derivative of the bending energy with respect to the constriction ratio This expression is written up to fourth order in the perturbative expansion of the energy integrand (for higher-order expressions see Appendix B). As expected from a dimensional argument, constriction forces with an amplitude of the order of κ/R m are predicted by Eq. (17) . The dominant term is found to scale as F c ∼ (κ/R m )s −1/2 , i.e., the smaller the vesicle, the higher its bare curvature and thus the higher the force required for a given constriction.
The fourth-order formula describes accurately the results up to s = 0.9. Higher-order terms, however, introduce larger errors in the description of the constriction forces, as expected from convergence towards the zeroth-order variational solution at high constriction (analogous to the results for bending energy).
As described in Appendix A, Fig. 4 also shows F c ≈ 2πσ c = dE σ c /dR c (in units of R m /κ), where E σ c is given by Eq. (A1) and the line tension σ c is computed from the jump in γ at the constriction site in the numerical computation (A4). This shows the consistency of the two ways of computing the constriction force. The line tension to keep the maximum radius σ m is also shown and we found −2σ m σ c .
Vesicle area and volume during constriction
The perturbation approach has provided us with an analytical formula for the dimensional ratio L m /R m from which the relevant vesicle dimensions can be calculated, particularly the membrane area and the volume enclosed. Let us start with the membrane area. For a given shape R(x), the area sustained by its revolution surface around the x axis is given by
In order to apply the perturbation method, we operate similarly as with the bending energy: R(x) is replaced by the small-u(x) variable [Eq. (8) ] and the integrand in Eq. (18) is expanded in a Taylor series in u(x) up to sixth order:
Then the cosine ansatz for the shape [Eq. (12)] is replaced and integration is performed between the limits x i = 0 and x f = L m , with L m given by Eq. (14) . Assuming a constant maximum radius R m , the increase of area during constriction is
This expression is of fourth order in the perturbative expansion and a higher-order formula can be found in Appendix B.
The result in Eq. (20) establishes a direct relation between the longitudinal elongation of the vesicle and its membrane dilation. In the asymptotic regime, at small constriction, the dominant term in Eq. (20) perturbative expressions converge to the variational solution, but do not describe better the exact result at high constrictions (s > 0.5).
A similar calculation can be performed to evaluate the increase of volume occurring upon constriction at constant maximum radius R m . For a surface of revolution, the enclosed volume is given by
If the integrand is expressed in terms of the small variable u[R(x)], then one obtains the exact formula
Replacing it in Eq. (21) and doing the integration between the limits x i = 0 and x f = L m , with L m given by its expansion in Eq. (14), one gets the following analytic expression for the increase of volume
where Figure 6 shows the results for the analytic perturbative expressions corresponding to the volume increase. As with membrane dilation, the low-constriction regime described by the leading term is quite small (s 0.075). The fourth-order perturbation [all terms in Eq. (22)] matches quite accurately the exact result (6% maximal error in describing the whole constriction pathway; see Fig. 6 ), even qualitatively describing the reduction of volume increase observed when approaching large constrictions (s → 1). Higher order converges to the variational limit, but underestimates the volume increase even at relatively low constrictions (s 0.5).
An interesting way of relating the increase in area and volume is to show the excess of surface area (see Fig. 7 ). The excess of surface area δa can be defined as the relative amount of surface area in excess of the minimal area required to enclose the volume of the vesicle, which is the surface area of the sphere with the same volume A sph(V ) . Thus,
with A sph(V ) = 6 2/3 π 1/3 V 2/3 . The accuracy of the results with the different approximations is the same as for the area and volume, the magnitudes from which it is derived. An interesting observation is that for high constriction, the amount of excess area approaches the value expected for a vesicle with the area and volume of two spheres of radius R 0 , i.e., A 2sph = 2(4πR In terms of geometry, the previous results hold for shapes with the constraint to maintain the maximal radius R m constant. However, other conditions such as constant area or constant volume could be additionally considered. In these cases, a redimensioning strategy can be addressed, as described in previous work [9] defining a rescaling parameter λ as
if the area remains constant or as
if the volume remains constant. In these expressions, R 0 is the radius of the initial sphere with no constriction (s = 0). Now, in these cases, the parameter R m = R 0 varies along the constriction pathway as
in the constant area or constant volume constriction cases, respectively. For all the expressions, the subscript indicates what is kept constant. Note that at low constriction (limit s → 0), R m = R 0 for all of these cases. These rescaling parameters give the area during constant volume constriction as
and the volume during constant area constriction as
with area A R m and volume V R m . The results for constriction at constant maximum radius R m are given by the expressions in Eqs. (20) and (22), respectively. Figure 8 compares analytical, variational, and exact (numerical) results. It shows that only sixth-order analytical expressions give good estimations for all constrictions. It is important to clarify that these analytical expressions for λ A and λ V are obtained just using the corresponding analytical expressions for the area A and the volume V in Eqs. (24a) and (24b), respectively.
We recall from Ref. [9] that to change from one sphere to two spheres while keeping the same area requires a decrease in volume that gives V /V 0 = 1/2 1/2 ≈ 0.71; if the change is made while keeping the volume constant the increase in area gives A/A 0 = 2 1/3 ≈ 1.26. These arguments are in agreement with the values found in Fig. 8 for maximum constriction s = 1. However, these are extremal cases, and constant volume constriction is a closer idealization of the usual cytokinesis where intense membrane trafficking is known to play a relevant role [13, 14] , while constant area constriction could be an idealization of cases where membrane trafficking is inhibited, for example, through heat shocks [15, 16] . The excess of surface area is dimensionless and therefore it is scale invariant, having the same values for all three cases of constriction (constant maximum radius, constant volume, and constant area), which we have considered.
Stability coefficients
Once geometry and energetics have been considered, we will address the question of the instability of the symmetrical constriction by calculating analytic expressions for the stability coefficients whose general definitions were previously given in Ref. [9] . The stability of a shape can be measured by introducing small changes on it and comparing its energy with the original one. When the constriction is equatorially symmetric, the constriction ring can be displaced a length x to give an asymmetrical shape (maintaining constant area or volume with respect to the symmetrical form). In terms of energy, this new shape can be expressed as
where R 0 is the radius of the corresponding sphere (at s → 0, R 0 = R m ) and k V the stability coefficient with units of energy (k V for constant volume and k A for constant area). Since E m , L m /R m , V , and A are involved in their expressions, we will take advantage of the corresponding analytic formulas obtained here from the perturbative expansion to insert them in the general expressions for the coefficients. For instance, maintaining constant volume, the stability coefficient k V in Eq. (27) is given by [9] 
In order to get the analytical formula for k V one has to calculate the derivatives and insert them in Eq. (28) to give rise to the following expressions: 
Although further simplification of these expressions is possible (using s 1), we found that it reduced their range of validity. The leading term defining the asymptotic regime converges to a constant limiting value at s → 0 (where R 0 /R m ≈ 1):
Higher-order expressions are given in Appendix B. Figure 9 compares the results obtained with the different methods. The exact solution (calculated with the numerical method) gives negative values of the stability coefficient k V , which indicates the unstable character of symmetric constriction at constant volume, a conclusion already raised in Ref. [9] . At small constriction, the exact numerical result points to a progressive destabilization of equatorial constriction in favor of axisym- metric configurations with a lower bending energy. The precision of the exact numerical solution is quite poor in this lowdeformation regime, as evidenced by the high variability of the numerical values obtained. Variational methods also have precision problems for this magnitude. These precision problems seem to be related to the derivatives present in the expression defining k V . However, the approximated analytic solutions offer a consistent description of this low-deformation regime, as a power-law approach k V ∼ −s 1/2 , which converges down to the asymptotic limit k 0 ≈ k V (s → 0) ≈ −2.77κ ≈ −28k B T (if κ ≈ 10k B T ). For increasing constriction the instability is reduced and the stability coefficient approaches zero in the large-constriction limit (k V → 0 at s → 1). In Fig. 9 we also see that the analytic expression progressively converges towards the zeroth-order variational solution. Close agreement is found between the exact results and the sixth-order perturbation along the whole range of constrictions.
Alternatively, if the constraint of constant area is considered, the corresponding stability coefficient k A that would replace k V in Eq. (27) takes the following form [9] :
Analogously, using the analytical expansions for E m , L m , and A, one gets the corresponding formula for k A , where the numerator (32b) and the denominator (32c) correspond to the fourth-order perturbative expansion. The analytic formula with higher orders is given in Appendix B.
A similar behavior is obtained for the stability coefficient at constant area k A (see Fig. 10 ). The analytical expressions progressively approach the zeroth-order variational result and the sixth-order expression gives good agreement with the exact numerical results. Symmetric constriction is found unstable at low s (k A ≈ −2.77κ at s → 0), but becomes progressively less unstable with increasing constriction (k A → 0 at s → 1). The values of these stability coefficients quantify the energy potential that additional mechanisms have to provide in order to stabilize symmetrical constriction.
IV. CONCLUSION
A procedure to find approximate analytical expressions for magnitudes involved in the constriction of a vesicle (or a simplified cell) has been developed. This procedure can be extended to other processes where the minimization of the bending energy determines the vesicle shape and the values of the main magnitudes. The procedure combines the perturbative expansion of the bending energy integrand for small deformations around a known solution with an ansatz for the deformation given by a simple family of functions that depends on one or several parameters. After the values of the parameters of the family of functions are determined variationally, i.e., by minimization of the bending energy. If the family of functions is simple enough, this computation can be done, obtaining analytical expressions. In our case, the analytic expressions take the form of a powerlike leading term in the constriction ratio s (with well-defined power-law exponents and amplitudes), which is corrected by a polynomic expansion in s. The resulting expressions are expected to hold better for small constrictions; however, in our case they are found to be good approximations even for medium or large constrictions, as in the case we shown in this paper. We have found that the fourth-order analytical expression gives a good approximation over the whole range of constrictions for the length of the constriction region L m , the bending energy E m , the constriction force F c , the area A, and the volume V . However, a sixth-order approximation is required to have a good approximation for the excess of surface area δa, the change of area at constant volume, the change of volume at constant area, and the stability coefficients of symmetrical constriction (for both constant area k A and constant volume k V constriction).
The results found here correspond to the tensionless case = 0, with no pressure difference p = 0, and for zero spontaneous curvature C 0 = 0, a case where the curvature energy is size invariant. Further extensions to cases where one or several of these restrictions are eliminated are more involved and are beyond the scope of the present paper. The analytical expressions provided give an easy and compact way to predict the requirement for successful symmetrical constriction. In particular, they indicate that constriction forces on the order of the piconewton (for κ ≈ 10k B T ) if the vesicles (or cells) are of micron size, while a mechanism that generates a stabilization potential with a constant of ∼30k B T or greater is needed to stabilize symmetric constriction. The results derived from this method can be used to guide the design of synthetic divisomes and the understanding of cell constriction. Other biological processes involving membrane bending (such as exocytosis and endocytosis) can also benefit from the insight these results and this method can provide. not only the constriction region, but also the description of the caps. In the case of constriction shapes, a set of conditions must be satisfied: At the beginning X(0) = 0, ψ(0) = 0, and γ (0) = 0; at the end of the cap ψ(S 1 ) = π/2, X (S 1 ) = R m ; at the constriction ring ψ (S 2 ) = π/2 and X (S 2 ) = R c ; and the corresponding symmetric boundary conditions are to the right of the constriction ring (see Fig. 11 ).
Maintaining the boundary conditions of radius R m and R c at S 1 and S 2 requires line tensions σ m and σ c , respectively. They act in opposite directions: Increasing σ c forces R c to decrease, thus increasing constriction, which requires an increase of σ m to maintain constant R m during the constriction process. The boundary matching conditions at these points S 1 and S 2 are given by [20] γ
where the plus and minus superscripts refer to the value at the right and at the left of the boundary, respectively. The numerical solution is found by using the shooting method, adjusting the values of U (0) =ψ(0) and σ m to make the solution verify the boundary conditions. In the case of symmetric constriction, the line tension at S 2 is given by σ c = 2γ (S 2 ).
